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I. INTRODUCTION
S EVERAL METHODS for the analysis of dielectric waveguides in Fig. 1 have been proposed, and the vectorial finite-element formulation in terms of the longitudinal electric (E,) aDd magnetic ( H, ) fi eld components, which enables one to compute accurately the mode spec.. !TUm of a waveguide with arbitrary cross section, is widely used [1J-(14J. The most serious diffi culty in using the finite-element analysis, for inhomogeneous dielectric waveguides, is the appearance of the so-called spurious, nonphysical solutions (IJ- [14] . The longitudinal E, -H, formulat ion contains mathematical singularities 12J, [3] .
Recently, Mabaya, Lagasse, and Vandenbulcke 1l2] found thaI by explicitly enforcing the continuity of the tangential components of the transversal fields, at the interface, by ~ns of Lagrange multipliers, most of the spurious solulions disappear. The disadvantage of this method lies in the gTtatly increased complexity of Ihe program and o f the numerical operators that have to be used to enforce those C ontinuity conditions [12] . Konrad [1 5] proposed the vectorial finite-element formu lation in terms of all three com-!lOnents ( In this paper, an improved finite-element method for the analysis of d ielectric waveguides is formulated in terms of all three compor.ents of H . For an abrupt discontinuity in the permittivity in an inhomogeneous medium, there is an abrupt change in the electric field £. In such cases, it is advantageous to solve for the values of II at the nodal points. In this approach, the spurious solutions do not appear anywhere above Ihe "air-line" corresponding to /l/ ko -1 in a fJ/ ko versus k o diagra m (a plol of /ll k o on the vertical axis against k o on the horizontal axis), where k o is the wavenumber of free space a nd f3 is the phase constant in the z-direction. Therefore, the present formulation is very useful for the analysis of the surface-wave modes of dielectric waveguides which correspond to the solutions above the "air-line."
The application of this improved finite-element method to the dielectric waveguides with perfect electric and magnetic conductors is also discussed . In particula r, the discussion is how to use the conditions on a bou ndary surface of a perfect electric or magnetic conductor whose normal direction is not coincident with the direction of a coordinate axis. In the analysis of dielectric waveguides with planes of symmetry, these boundary conditions for perfect conductors are used on each plane of symmetry, Application of these conditions reduces the matrix size. The strength of this approach to boundary conditions is not j us l the economical use of computer memory but the elintination of spurious solutions through rigorous enforcement o f boundary conditions as well .
II. F UNCTIONAL F ORM U LATION
We consider a dielectric waveguide with arbitrary crosssection n in the xy-plane as shown in Fig 
where w is the angular frequency, ( 0 and IJ.o are the permittivity and permeability of free space., respectively, 0018-9480/85/0300-0227$01.00 <01985 1EEE [K] is the relative permittivity tensor, and [.J denotes a matrix.
By substituting (2) into (1), the following wave equation is derived :
where the asterisk denotes a complex conj ugate. The lormulation of (5) does not contain mathematical singularities as is the case with the E z -Hz formulation, but the spuri· ous solutions do appear [15]-(1 7J. These spurious solutions fall into two fairly clear categories [161. The first one (Sl) can be characterized as follows:
The second group (S1) can be characterized as follows:
These spurious solutions do not satisfy the relation V" H """ ° 
Fo r the functi onal (8), the first variation 13ft" is given by
where r represents the contour of the region 0 , n is the outward unit normal vector to r , and the term n X ([KJ -IV X H ) corresponds to the tangential components of the electric fi eld E on r . The stationarity requirement as natural boundary conditions, since 13Hin (9) is "0' .• 1 trary.
Multiplying ( l Oa) by Hand integrating over the regiOQ 0 , the following equation is obtained using Green's for_ mula and the boundary conditions on r :
In (11), if IK ]-l is a positive definite matrix, then 'V X -0 and 'V · H = 0 are satisfied for kJ = O. Therefore, the spurious solutions SI are eliminated.
Taking divergence of (lOa), we obtain
If the curl o f H is not zero for k J > 0, the eigenvalues of (10) cannot satisfy (12). Therefore, the eigenvectors H-". [(P/kO)l-n~I/( n ?ni). For the Eft mode, the boundary AB in Fig. 3 (plane of symmetry) becomes the perfect magnetic conductor. Our results agree well with the finiteelement solutions [10] in the E. -H, formulation. Fig. 5 shows the dispersion characteristics for the £ {, mode of an anisotropic embedded rectangular waveguide. Our results agree well with the finite-element solutions [5J in the E, -H~ formulation. Note that the spurious solutions are included in the solutions of the finite-element method in the E, -H, formulation and they cannot be eliminated mathematically (l]-{l4j. The E, -H, formulation contains mathematical singularities, and the actual solutions are plotted as a continuous interpolated curve between points sufficiently removed from the singularity to be unaffected by it 12], 131. [8] , [9], (11). In order to avoid confusion, such spurious solutions in the E, -H , formulation are not shown in ·Figs. 4 and 5.
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Lastly, let us consider a dielectric square waveguide [4] , (21 ] , (22) with four planes of symmetry. We subdivide one quarter or one eighth of the cross section into second-order triangu lar elements as shown in Fig. 6 , where boundaries CD and DA are assumed to be perfect electric conductors and the conditions on boundaries AB, BC, and DB (planes of symmetry) are given in Table L Fig. 7 shows the dispersion characteristics for the E;:/ modes (21] of this 131 Fi&. 6. Fi nite-element d ivision of a dielectric square waveguide . An improved fin ite-element method fo r the analysis of dielectric waveguides with a diagonal penni llivilY tensor was formulated in terms of all three components of the magnetic fi eld H . In this approach, the spurious, nonphysical solutions do not appear anywhere above the "air-line," and therefore the present fo rmu lation is very useful for the analysis of the su rface-wave modes of dielectric waveguides. The application of this improved finite-element method to the dielectric waveguides with perfect electric and magnetic conductors was also discussed.
T his approach can be applied easily to the anisotropic waveguides having a permittivity tensor with nonzero offdiagonal elemen ts. 
